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Why learn from noisy data?

• Data acquisition devices or sensors introduce noise

• Local differential privacy

• Communication constrains and quantization error

• Adversarial attacks

Rutgers Nikolakakis et al.
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Problem Statement (Learning Hidden Tree Structures)

Observe noisy values for each node of the unknown tree structure

• X1, X2, . . . , Xp are hidden variables (black nodes)

• Y1, Y2, . . . , Yp are observable variables (red nodes)

Rutgers Nikolakakis et al.
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Learning a tree structure

Assumptions:

• Distribution of X is nondegenerate and factorizes according to a
tree T.

• T = (V, E) is connected.

• I(Xi;Xj) > 0 for all i, j ∈ V.

Rutgers Nikolakakis et al.
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Chow-Liu Algorithm

Given: Data set D = Y ∈ Y |V|×n

1 Compute empirical distribution on each edge:

p̂i,j(`,m) =
1

n

n∑
k=1

1{Yi,k=`,Yj,k=m} ∀i, j ∈ V

2 Find plug-in estimate of mutual information:

Î(Yi;Yj) =
∑
`,m

p̂i,j(`,m) log2

p̂i,j(`,m)

p̂i(`)p̂j(m)

3 Output TCL
† = MST

(
{Î(Zi;Zj) : i, j ∈ V}

)

Rutgers Nikolakakis et al.
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Main questions

X1
<latexit sha1_base64="4ix5MATecllX2EMoAPWn9Rzndxo=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSp4KrtV0GPRi8eK9gPapWSz2TY0myxJtliW/gSP6kW8+os8+G9Mtz1o64OBx3szzMwLEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tUwVoQ0iuVTtAGvKmaANwwyn7URRHAectoLh7dRvjajSTIpHM06oH+O+YBEj2Fjpod3zeqWyW3FzoGXizUm5dgo56r3SVzeUJI2pMIRjrTuemxg/w8owwumk2E01TTAZ4j7thCOWaIFjqv3sKb92gs6sH6JIKlvCoFz9PZThWOtxHNjOGJuBXvSm4n9eJzXRtZ8xkaSGCjJbFKUcGYmmr6OQKUoMH1uCiWL2XEQGWGFibEBFm4O3+PUyaVYr3kWlen9Zrt3MAoECHMMJnIMHV1CDO6hDAwj04Rle4c2Rzovz7nzMWlec+cwR/IHz+QOkho9L</latexit>

X2
<latexit sha1_base64="VZ/Ltv5HeNm2EEmIU5pppPn52TU=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSp4KrtV0GPRi8eK9gPapWSz2TY0myxJtliW/gSP6kW8+os8+G9Mtz1o64OBx3szzMwLEs60cd1vZ2V1bX1js7BV3N7Z3dsvHRw2tUwVoQ0iuVTtAGvKmaANwwyn7URRHAectoLh7dRvjajSTIpHM06oH+O+YBEj2Fjpod2r9kplt+LmQMvEm5Ny7RRy1Hulr24oSRpTYQjHWnc8NzF+hpVhhNNJsZtqmmAyxH3aCUcs0QLHVPvZU37tBJ1ZP0SRVLaEQbn6eyjDsdbjOLCdMTYDvehNxf+8Tmqiaz9jIkkNFWS2KEo5MhJNX0chU5QYPrYEE8XsuYgMsMLE2ICKNgdv8etl0qxWvItK9f6yXLuZBQIFOIYTOAcPrqAGd1CHBhDowzO8wpsjnRfn3fmYta4485kj+APn8wemDY9M</latexit>

X3
<latexit sha1_base64="iNf022FXXAMajRifxskNHwDn51s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjTxRHbBRI9ELx4xykcCG9LtdqGh227aLpEQfoJH9WK8+os8+G8sCwcFXzLJy3szmZkXJJxp47rfTm5tfWNzK79d2Nnd2z8oHh41tUwVoQ0iuVTtAGvKmaANwwyn7URRHAectoLh7cxvjajSTIpHM06oH+O+YBEj2Fjpod2r9oolt+xmQKvEW5BS7Qwy1HvFr24oSRpTYQjHWnc8NzH+BCvDCKfTQjfVNMFkiPu0E45YogWOqfYnT9m1U3Ru/RBFUtkSBmXq76EJjrUex4HtjLEZ6GVvJv7ndVITXfsTJpLUUEHmi6KUIyPR7HUUMkWJ4WNLMFHMnovIACtMjA2oYHPwlr9eJc1K2auWK/eXpdrNPBDIwwmcwgV4cAU1uIM6NIBAH57hFd4c6bw4787HvDXnLGaO4Q+czx+nlI9N</latexit>

Y1
<latexit sha1_base64="1ZqnV31jXsmz18OuVYOx6Pod4i8=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjTxRHbRRI9ELx4xyoeBDel2CzR0203bJZINP8GjejFe/UUe/DeWhYOCL5nk5b2ZzMwLYs60cd1vJ7eyura+kd8sbG3v7O4V9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwZuo3R1RpJsWDGcfUj3BfsB4j2Fjp/rHrdYslt+xmQMvEm5NS9QQy1LrFr04oSRJRYQjHWrc9NzZ+ipVhhNNJoZNoGmMyxH3aDkcs1gJHVPvpU3btBJ1aP0Q9qWwJgzL191CKI63HUWA7I2wGetGbiv957cT0rvyUiTgxVJDZol7CkZFo+joKmaLE8LElmChmz0VkgBUmxgZUsDl4i18vk0al7J2XK3cXper1LBDIwxEcwxl4cAlVuIUa1IFAH57hFd4c6bw4787HrDXnzGcO4Q+czx+mD49M</latexit>

Y2
<latexit sha1_base64="t9I3GQkiD/b3Qe/27T7GynT8hBE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRjTxRHbRRI9ELx4xyoeBDel2CzR0203bJZINP8GjejFe/UUe/DeWhYOCL5nk5b2ZzMwLYs60cd1vJ7eyura+kd8sbG3v7O4V9w8aWiaK0DqRXKpWgDXlTNC6YYbTVqwojgJOm8HwZuo3R1RpJsWDGcfUj3BfsB4j2Fjp/rFb6RZLbtnNgJaJNyel6glkqHWLX51QkiSiwhCOtW57bmz8FCvDCKeTQifRNMZkiPu0HY5YrAWOqPbTp+zaCTq1foh6UtkSBmXq76EUR1qPo8B2RtgM9KI3Ff/z2onpXfkpE3FiqCCzRb2EIyPR9HUUMkWJ4WNLMFHMnovIACtMjA2oYHPwFr9eJo1K2TsvV+4uStXrWSCQhyM4hjPw4BKqcAs1qAOBPjzDK7w50nlx3p2PWWvOmc8cwh84nz+nlo9N</latexit>

Y3
<latexit sha1_base64="GOr0lRRawXaxkgo2XvgPo2RdydE=">AAAB7XicbVBNTwIxEJ31E/EL9eilEU08kV0w0SPRi0eM8mFgQ7rdLjR0203bJRLCT/CoXoxXf5EH/41l4aDgSyZ5eW8mM/OChDNtXPfbWVldW9/YzG3lt3d29/YLB4cNLVNFaJ1ILlUrwJpyJmjdMMNpK1EUxwGnzWBwM/WbQ6o0k+LBjBLqx7gnWMQINla6f+xWuoWiW3IzoGXizUmxegoZat3CVyeUJI2pMIRjrduemxh/jJVhhNNJvpNqmmAywD3aDocs0QLHVPvjp+zaCTqzfogiqWwJgzL199AYx1qP4sB2xtj09aI3Ff/z2qmJrvwxE0lqqCCzRVHKkZFo+joKmaLE8JElmChmz0WkjxUmxgaUtzl4i18vk0a55FVK5buLYvV6Fgjk4BhO4Bw8uIQq3EIN6kCgB8/wCm+OdF6cd+dj1rrizGeO4A+czx+pHY9O</latexit>

Chow-Liu TCL
†

<latexit sha1_base64="1ft5objmGSaHA/GPQjem4nKXppw=">AAACC3icbVDLSsNAFL2pr1pfUZcuDFbBVUmqoMtiNy5cVOgLmhgmk0k7dPJgZlIsIUuXfolLdSNu/QQX/o1pWkFbD1w4nHMv997jRIwKqetfSmFpeWV1rbhe2tjc2t5Rd/faIow5Ji0cspB3HSQIowFpSSoZ6UacIN9hpOMM6xO/MyJc0DBoynFELB/1A+pRjGQm2eqh6SM54H7STO3EdFE/vUt+pPpNmtpqWa/oObRFYsxIuXYMORq2+mm6IY59EkjMkBA9Q4+klSAuKWYkLZmxIBHCQ9QnPXdEIxEgnwgruc9/SbWTzHc1L+RZBVLL1d9DCfKFGPtO1jk5U8x7E/E/rxdL79JKaBDFkgR4usiLmSZDbRKM5lJOsGTjjCDMaXauhgeIIyyz+EpZDsb814ukXa0YZ5Xq7Xm5djUNBIpwAEdwCgZcQA2uoQEtwPAAT/ACr8qj8qy8Ke/T1oIym9mHP1A+vgEeKJx+</latexit>

Given noise corrupted data:

• Is Chow-Liu consistent?

• How does noise affect the sample complexity?

Prior work: Finite sample complexity for Ising and Gaussian Models.

• Tan et al. (2011), Liu et al. (2011), Bresler & Karzand (2018)

• Hidden models: Our work (2019), Goel-Kane-Klivans (2019)

Rutgers Nikolakakis et al.
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A motivating example: 3-node hidden model

What can go wrong when we have noise?

The MRF of the observable is a complete graph!

Questions:

• Is Chow-Liu consistent? NO

• When does limn→∞TCL → T w.p. 1? A sufficient condition

• Can we tweak Chow-Liu to fix it? Sometimes

Rutgers Nikolakakis et al.
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A closer look at the example

X1, X2, X3 ∈ {−1,+1}, 0 < |E[X1X2]|︸ ︷︷ ︸
weak

≤ |E[X2X3]|︸ ︷︷ ︸
strong

< 1

I(X2;X3) > I(X1;X2)
DPI
> I(X1;X3)

lim
n→∞

Î(Xi;Xj)→ I(Xi;Xj) and lim
n→∞

ETCL → {(1, 2), (2, 3)} ≡ ET

• Does a similar condition hold for the observables?
• Could we have limn→∞ ETCL

†
6= ET?

Rutgers Nikolakakis et al.
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Feasibility Threshold

• If I(Y1;Y2) > I(Y1;Y3) > I(Y2;Y3)

• then limn→∞ ETCL
†
6= ET

I(Y1;Y3) > I(Y2;Y3) ⇐⇒ |E[Y1Y3]| > |E[Y2Y3]| ⇐⇒

|E[X1X2]| > 1− 2q

1− 2q′
, q, q′ ∈ [0, 1/2).

Rutgers Nikolakakis et al.
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Unprocessed vs Processed Data

• What if |E[X1X2]| > (1− 2q)/(1− 2q′)?

• We have to pre-process

Z1 , Y1/(1− 2q′), Z2 , Y2/(1− 2q), Z3 , Y3/(1− 2q)

• Correct order, I(Z2;Z3) > I(Z1;Z2) > I(Z1;Z3)

• Then limn→∞ ETCL
†

= ET with probability 1.

Rutgers Nikolakakis et al.
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Unprocessed vs Processed Data
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Figure: Synthetic data, q′ = 0.2, q = 0.25

Rutgers Nikolakakis et al.
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Definition

(The set EV2) Let e ≡ (w, w̄) ∈ ET be an edge and u, ū ∈ VT be a
pair of nodes such that e ∈ pathT (u, ū) and |pathT (u, ū) | ≥ 2. Then

EV2 , {(w, w̄), u, ū ∈ ET × VT × VT :

(w, w̄) ∈ pathT(u, ū) and |pathT (u, ū) | ≥ 2}.

∃ ((w, w̄), u, ū) ∈ EV2 : Î (Yw;Yw̄) < Î (Yu;Yū) ⇐⇒ TCL 6= T

∀ ((w, w̄), u, ū) ∈ EV2 : Î (Yw;Yw̄) > Î (Yu;Yū) ⇐⇒ TCL
† = T

Rutgers Nikolakakis et al.
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Definition

(The set EV2) Let e ≡ (w, w̄) ∈ ET be an edge and u, ū ∈ VT be a
pair of nodes such that e ∈ pathT (u, ū) and |pathT (u, ū) | ≥ 2. Then

EV2 , {(w, w̄), u, ū ∈ ET × VT × VT :

(w, w̄) ∈ pathT(u, ū) and |pathT (u, ū) | ≥ 2}.

Error Characterization of CL algorithm (Bresler & Karzand 2018):

If TCL
† 6= T =⇒ ∃ ((w, w̄), u, ū) ∈ EV2 : Î (Yw;Yw̄) ≤ Î (Yu;Yū)

Rutgers Nikolakakis et al.
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Sufficient Condition for Exact Recovery

Exact recovery:

If ∀ ((w, w̄), u, ū) ∈ EV2 : Î (Yw;Yw̄) > Î (Yu;Yū) =⇒ TCL
† = T

Î (Yw;Yw̄) > Î (Yu;Yū) ⇐⇒
I (Yw;Yw̄)− I (Yu;Yū) >[

Î (Yu;Yū)− I (Yu;Yū)
]
−
[
Î (Yw;Yw̄)− I (Yw;Yw̄)

]
.

If
∣∣∣Î (X`;X¯̀)− I (X`;X¯̀)

∣∣∣ < 1

2
min

(e,u,ū)∈EV2
{I (Xw;Xw̄)− I (Xu;Xū)}

for all `, `′ ∈ V then TCL = T.

Rutgers Nikolakakis et al.
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∣∣∣Î (Y`;Y¯̀)− I (Y`;Y¯̀)

∣∣∣ < 1

2
min

(e,u,ū)∈EV2
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Definition

(Information Thresholds Io, Io†)

Io ,
1

2
min

((w,w̄),u,ū)∈EV2
[I (Xw;Xw̄)− I (Xu;Xū)]

Io† ,
1

2
min

((w,w̄),u,ū)∈EV2
[I (Yw;Yw̄)− I (Yu;Yū)]

• Always Io ≥ 0, DPI

• Io† ≶ 0 generalizes the condition 1−2q
1−2q′ ≶ |E[X1X2]| to

non-parametric models and general channels

• Io† < 0 implies that structure learning is infeasible without
post-processing

Rutgers Nikolakakis et al.
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Sample Complexity

• Sufficient condition
∣∣∣Î (Y`;Y¯̀)− I (Y`;Y¯̀)

∣∣∣ < Io†

• Concentration of measure of mutual information estimates

• Union bound over the pairs `, `′ ∈ V

Theorem

Fix δ ∈ (0, 1). There exist constants C > 0 and c ∈ (1, 2] independent
of δ such that, if Io† > 0 and

n

log2
2 n
≥

72 log
(p
δ

)(
Io† − Cn

1−c
c

)2 and Io† > Cn
1−c
c ,

then CL with input D = Y1:n returns TCL
† = T w.p. at least 1− δ.

Almost logarithmic order: O
(

log1+ζ(p/δ)
)
, for all ζ > 0

Rutgers Nikolakakis et al.
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Experiments: Noiseless Binary Data
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Experiments: Noisy Binary Data (BSC)
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Further Questions and Future Directions

• What is the relationship of Io and Io†? Connection with SDPI

• How to estimate Io† from training data?

• How to preserve privacy while structure learning remains feasible?

• Find robust methods for pre-processing against adversarial attacks

Rutgers Nikolakakis et al.
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Thank you!

Rutgers Nikolakakis et al.
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